In early study of Engel manifolds from R. Montgomery, the Cartan prolongation and the development map are central figures. However, the development map can be globally defined only if the characteristic foliation is "nice". In this paper, we introduce the Cartan prolongation of a contact 3-orbifold and the development map associated to a more general Engel manifold, and we give necessary and sufficient condition for the Cartan prolongation to be a manifold. Moreover, we explain the Cartan prolongation of a 3-dimensional contactétale Lie groupoid and the development map associated to any Engel manifold, and we proof that all Engel manifolds obtained as the Cartan prolongation of a "space" with contact structure are obtained from a contact 3-orbifold.
Introduction
is called an Engel manifold. An Engel manifold is very similar and closely related to a contact manifold. For example, the projection P(ξ) of any contact structure ξ on a contact 3-manifold has an Engel structure. This is called the Cartan prolongation. On the other hand, any "nice" Engel manifold has a bundle structure over a contact manifold. We explain it. Any Engel manifold has a 1-foliation L, called the characteristic foliation, such that [L, D 2 ] ⊂ D 2 . The above word "nice" means that E/L is a manifold. Then E/L has a contact structure ξ. Moreover, E has a natural Engel morphism φ : E → P(ξ) called the development map. This discussion can be easily generalized to an orbifold. That is, if E/L is a orbifold, then E/L has a contact structure, and then E has the development map. However, the Cartan prolongation of a contact 3-orbifold is an Engel orbifold generally.
Engel manifolds and the characteristic foliation
Definition 1.1. Let E be a 4-manifold. An Engel structure on E is a smooth rank 2 distribution D ⊂ T E with following condition: 
Propositoin 1.2 ([8]
, [1] , [10] ). Let (E, D) be an Engel manifold. Then, there exists a unique rank
The above L is called the characteristic foliation of (E, D). Any 3-dimensional submanifold intersecting transversally the characteristic foliation is a contact manifold. Definition 1.3. Let M be an odd dimensional manifold. A contact structure on M is a corank 1 distribution ξ ⊂ T M such that, for any local differential form α with ξ = Ker(α), dα| ξ : ξ ⊗ ξ → R is nondegenerate.
Then, the pair (M, ξ) is called a contact manifold. and α is called a contact form.
Let (M 1 , ξ 1 ), (M 2 , ξ 2 ) be contact manifolds. A contact morphism f : (M 1 , ξ 1 ) → (M 2 , ξ 2 ) is a local diffeomorphism f : M 1 → M 2 with df (ξ 1 ) ⊂ ξ 2 .
Propositoin 1.4 ([8]
, [1] , [10] ). Let (E, D) be an Engel manifold, and let M ⊂ E be a 3-dimensional submanifold intersecting transversally the characteristic foliation.L of (E, D). Then, ξ def = T M ∩ D 2 is a contact structure on M.
trivial characteristic foliation
Any vector field tangent to the characteristic foliation L preserves the "even contact structure" D 2 . In particular, any holonomy of L is a germ of contact morphism.
We describe the leaves and the holonomy for a rank 1 foliation. Let E be a manifold, and let L be a rank 1 foliation on E.
A leaf of L is the connected injectively immersed submanifold L ⊂ E tangent to L such that, for any other connected injectively immersed sub-
The set of the leaves of L with quotient topology is called the leaf space of L.
Let γ : [0, 1] → E be a smooth path from x = γ(0) to y = γ(1) tangent to L. For two submanifolds S, T ⊂ E intersecting L transversally with x ∈ S, y ∈ T , the holonomy hol S,T (γ) of γ for S, T is a germ of diffeomorphisms hol S,T (γ) = [h] : (S, x) → (T, y) at x such that there exists a open neighborhood S ′ ⊂ S of x and an embedding H :
Hol(E, L) def = {hol(γ)|γ} has a groupoid structure. This is called the holonomy groupoid of L.
There exists a manifold structure on the leaf space such that the quotient map is proper submersion if and only if all leaves are compact, and the holonomy groupoid is free (i.e. for any leaf L ⊂ E and any object x, y ∈ L, the morphism set Hol(E, L)(x, y) def = {hol(γ)|x = γ(0), y = γ(1)} is an one point set). Definition 1.5. Let (E, D) be an Engel manifold, and let L be the characteristic foliation of (E, D). If all leaves of L are compact, and the holonomy groupoid of L is free, then we says that (E, D) has the trivial characteristic foliation. Remark 1.6. Suppose all leaves of L are compact. Then, the above definittion is the special case of (4.18). Propositoin 1.7 ([8] , [1] ). Let (E, D) be an Engel manifold that has the trivial characteristic foliation, let M be the leaf space of the characteristic foliation, and let π : E → M be the quotient map. Then, ξ def = dπ(D 2 ) is well-defined, and it is a contact structure on M . Moreover, (E, D) → (M, ξ) is functorial.
Cartan prolongation
Conversly, If there exists a contact 3-manfold, then we obtain an Engel manifold called the Cartan prolongation.
Let (M, ξ) be a contact 3-manifold, let E = P(ξ)
0)/R × , and let π : E → M is the projective map. Now, we define a rank 2 distribution D on E in the following way: For each l ∈ E with π(l) = x, l ⊂ P(ξ x ) is a line that cross the origin. By the way, we define D l
. Then E ′ is a 2-covering on E. Now, we define a rank 2 distribution D ′ on E ′ as the pull-back of D.
Definition 1.9. The above (E, D) is called Cartan prolongation, and we denote this P(M, ξ).
The above (E ′ , D ′ ) is called oriented Cartan prolongation, and we denote this S(M, ξ).
Any Cartan prolongation has the trivial characteristic foliation. In fact, the Cartan prolongation is the "minimal" object of such Engel manifolds.
Let (E, D) be an Engel manifold that has the trivial characteristic foliation, let (M, ξ) be the leaf space of the characteristic foliation, and let π : E → M be the quotient map. Now, we define φ : E → P(ξ) as In this case, φ is proper, hence φ is a finite covering. By the functor P, the category of contact 3-manifolds and contact morphisms is reflectively embedded in the category of Engel manifolds that have the trivial characteristic foliation and Engel morphisms. Proof. Let L : (E, D) → (M, ξ) be the functor defined in (1.7). Immediately, L is locally a left inverse of P. Hence, P is faithful. We will show that L is locally also a right inverse of P.
Let (M 1 , ξ 1 ), (M 2 , ξ 2 ) be contact manifolds, and let ψ :
is the unique map such that the following diagram is commutative:
On the other hand, the functor S is faithful but not full. However, S is full as 2-functor because it is covering on P. Definition 1.13. Let (E, D) be an Engel manifold, and let f : (E, D) → (E, D) be an Engel autmorphism. If f (L) ⊂ L for any leaf L of the characteristic foliation of (E, D), then we say that f preserves the leaves.
Let
Contact Orbifolds
There exists a orbiifold structure on the leaf space of a foliation such that the quotient map is proper submersion if and only if all leaves are compact and the holonomy groupoid is locally finite (i.e. for any leaf L ⊂ E and any object x, y ∈ L, the morphism set Hol(E, L)(x, y) def = {hol(γ)|x = γ(0), y = γ(1)} is a finite set). In this section, we generalize the contents of section 2.
Definition 2.1. Let (E, D) be an Engel manifold, and let L be the characteristic foliation of (E, D). If all leaves of L are compact, and the holonomy groupoid of L is locally finite, then we says that (E, D) has the proper characteristic foliation. 
orbifolds
Recall, a manifold is a topological space to be locally Euclidean. On the other hand, an orbifold is a topological space to be locally Euclidean with a finite group action. In general, a "structure" on an orbifold is a family of equivariant "structures" on each orbifold chart such that any two "structures" are compatible. Then, a contact structure on an orbifold is defined so. Definition 2.3. Let Σ be a locally connected topological space. a ndimensional orbifold chart on Σ is a triple (V, G, p) of a connected open set V ⊂ R n , a finite group with a faithful smooth action G V , and a continuous map p :
and a group isomorphismφ : G 1 → G 2 such that the following diagram is commutative:
Example 2.4. Let (V, G, φ) be an orbifold chart, and fix an element σ ∈ G.
is isomorphism. In fact, any autmorphism is this form.
Let (V, G, p) be an orbifold chart on Σ with U = p(V ), and let U ′ ⊂ U be a connected open set. We define the restriction of (V, G, p) to U ′ . In this situation, G p −1 (U ′ ), and p induces a isomorphism
A n-dimensional orbifold atlas on Σ is a family of n-dimensional orbifold
Then, the pair (Σ, A) is called a n-dimensional orbifold.
Let Σ be an orbifold and x ∈ Σ. Take an orbifold chart (V, G, p) with
, and take a pointx ∈ p −1 (x). Now, we define
Lemma 2.7. The above G x is independent of the choice of an orbifold chart and a pointx ∈ p −1 (x). Definition 2.8. The above G x is called the isotropy group at x. Remark 2.9. Because G x is finite, there exists an orbifold chart (W, H, q)
. A lifting of f for S and T is a pairf S,T = (f S,T ,f S,T ) of a smooth mapf S,T : V S → V T and a group homomorphismf S,T : G S → G T such that the following diagram is commutative:
are isomorphic if there exist two isomorphisms S 1 ∼ = S 2 and T 1 ∼ = T 2 such that the following diagrams are commutative:
An orbifold map f : Σ 1 → Σ 2 is a pair f = (f,f ) of following dates:
• a continuous map f : Σ 1 → Σ 2 .
• a familyf = {f S,T : S → T } S,T of liftings of f indexed by the sufficiently small orbifold charts S, T on Σ 1 , Σ 2 , respectively, with
such that
, and for any
Then, the abovef is called a lifting of f . Two orbifold maps f, g :
, and for any x ∈ U S 1 ∩ U S 2 , the two liftings
Then, we denote f ∼ = g. Let f : Σ 1 → Σ 2 be an orbifold map, and let x ∈ Σ 1 . The homomorphism
An orbifold map f is called a singular locally diffeomorphism if anyf S,T is a locally diffeomorphism.
An singular locally diffeomorphism f is called a locally diffeomorphism if, for any x ∈ Σ 1 , the local homomorphismf x is an isomorphism.
orbifold bundles
Next, we define an orbifold bundle.
Definition 2.11. Let Σ be an orbifold, and let F be a manifold. An orbifold bundle over Σ with standard fiber F is a orbifold map f : E → Σ with an orbifold atlas A = {(V λ , G λ , p λ )} λ∈Λ on Σ and an orbifold atlasÃ =
Then, the pair (A,Ã) is called a bundle atlas. Let G be a lie group, and suppose that G F . An orbifold G-bundle is an orbifold bundle f : E → Σ with {ρ λ : G λ × V λ → G} λ∈Λ such that σ(x, y) = (σx, ρ(σ, x)y) and ρ(τ, σx) • ρ(σ, x) = ρ(τ σ, x) for any x ∈ V λ , y ∈ F, σ, τ ∈ G λ .
If F = R k and G = GL k (R), then the orbifold G-bundle is called an orbifold vector bundle. Example 2.12. Let Σ be an orbifold, {(V λ , G λ , p λ )} λ∈Λ be an orbifold atlas on Σ, and φ λµ be the transformation map for λ, µ ∈ Λ. Then, G λ V λ induces the lift G λ T V λ ∼ = V λ ×R n , and φ λµ induces the liftφ λ . LetŨ λ def = T V λ /G λ , and E be the gluing ofŨ λ byφ λ . Then, E is an orbifold vector bundle over Σ. E is called the tangent bundle of Σ, and denoted by T Σ.
Example 2.13. Let f : E → Σ be an orbifold vector bundle, ({(V λ , G λ , p λ )} λ∈Λ , {(V λ × R k , G λ , q λ )} λ∈Λ ) be a bundle atlas, andφ λµ be the transformation map on E for λ, µ ∈ Λ. Then,
be the gluings of U λ byφ λ , and E ′′ be the gluings of U ′ λ byφ λ . Then, E ′ is an orbifold GL k (R)/R × -bundle over Σ with standard fiber P k , and E ′′ is an orbifold GL k (R)/R >0 -bundle over Σ with standard fiber S k . E ′ is called the projection of E, and denoted by P(E), and E ′′ is called the oriented projection of E, and denoted by S(E).
contact orbifolds
Now, we define a contact orbifold. Definition 2.14. Let Σ be an orbifold, {(V λ , G λ , p λ )} λ∈Λ be an orbifold atlas on Σ, and φ λµ be the transformation map for λ, µ ∈ Λ. A contact structure on Σ is a family {ξ λ } λ∈Λ of contact structures on each V λ such that all G λ V λ are contact actions, and all φ λµ are contact morphisms. In analogy with (2.12), the orbifold vector bundle over Σ is obtained by the gluing of {ξ λ } λ∈Λ , this is called same expression the contact structure on Σ. The pair of an orbifold and a contact structure is called a contact orbifold.
Let (Σ 1 , ξ 1 ), (Σ 2 , ξ 2 ) be contact orbifolds. A contact morphism f : (Σ 1 , ξ 1 ) → (Σ 2 , ξ 2 ) is a singular local diffeomorphism f : Σ 1 → Σ 2 with the lifts are contact morphisms.
Similarly, we define an Engel structure on an orbifold, an Engel orbifold, and an Engel morphism.
In analogy with (1.7), we just obtain the following proposition.
Propositoin 2.15. Let (E, D) be an Engel manifold that has the proper characteristic foliation, let Σ be the leaf space of the characteristic foliation, and let π : E → Σ be the quotient map. Then, ξ def = dπ(D 2 ) ⊂ T Σ is welldefined, and it is a contact structure on Σ. Moreover, (E, D) → (Σ, ξ) is 2-functorial.
Let (Σ, ξ) be a contact 3-orbifold. By (2.13), P(ξ) and S(ξ) are orbifolds. By (1.8), these are Engel orbifolds. Definition 2.16. The above P(ξ) with the Engel structure is called Cartan prolongation, and we denote this P(Σ, ξ).
The above S(ξ) with the Engel structure is called oriented Cartan prolongation, and we denote this S(Σ, ξ).
Let (E, D) be an Engel manifold that has the proper characteristic foliation, let (Σ, ξ) be the leaf space of the characteristic foliation, and let π : E → Σ be the quotient map. Now, we define φ : E → P(ξ) as By (1.10) , we obtain the following proposition immediately.
Propositoin 2.17. The above φ is an Engel morphism (E, D) → P(Σ, ξ). Moreover, this satisfies the universality: For any contact 3-orbifold (Υ, ν) and any Engel morphism ψ : (E, D) → P(Υ, ν), there exists a unique up to isomorphic contact morphismψ : (Σ, ξ) → (Υ, ν) such that ψ ∼ = P(ψ) • φ. At last, we describe equivariant Darboux's Theorem. ξ std def = Ker(dz + xdy − ydx) is a contact structure on R 3 . We de-
and H n,std def = < φ n > (R 3 , ξ std ) are contact actions of finite groups. These are called standard model. In fact, any contact 3-orbifold is locally isomorphic to a standard model. Let (Σ, ξ) be a contact 3-orbifold, and let x ∈ Σ. By (2.9), we can take an orbifold chart (V, G x , p) around x. Now, we can take a metric on V invariable for the action G x V . (For example, take a metric, and average it for the action G x V .) Then, G x T x V preserves the metric. Hence,
. By Moser's trick, we can proof the following theorem.
Theorem 2.19 ([5] , [4]
). Let (Σ, ξ) be a contact 3-orbifold, and let x ∈ Σ. Then, there exists an orbifold chart (V, G, p) around x such that (V, G) is isomorphic to an open neighborhood of 0 ∈ (R 3 , H) where H = G n,std or H = H n,std .
Main Result
In general, the Cartan prolongation of a contact 3-orbifold is an Engel orbifold. The main result in this paper is a necessary and sufficient condition for the Cartan prolongation to be a manifold. Because of (2.19), we have to only consider standard models. That is to say, (3.1) follows the following lemma.
Lemma 3.4.
(1) The actions G n,std P(ξ std ), G n,std S(ξ std ) are not free. (2) The action H n,std P(ξ std ) is free if and only if n is odd. (3) The action H n,std S(ξ std ) is free for any n.
, and ψ(x, y, z) = (x, −y, −z). In particular, ξ std,(0,0,z) = Ker(dz) =< ∂ x , ∂ y >.
(1) dψ(∂ x ) = ∂ x , ∂ x ∈ ξ std,0 . The claim follows it immediately.
(2),(3) If (x, y) = 0, H n,std R 3 is free at (x, y, z). So we have to only consider the case of
So, The action H n,std S(ξ std ) is free for any n. And, if n is odd, then The action H n,std P(ξ std ) is free, otherwise the action H n,std P(ξ std ) is not free
Generalization to Lie groupoids
Roughly speaking, a lie groupoid is a groupoid object in the category of manifolds and smooth maps. For example, any holonomy groupoid is a lie groupoid. In fact, an orbifold can be defined as a proper,étale lie groupoid. In this section, we proof that the Cartan prolongation of a contactétale lie groupoid G is a manifold only if G is proper, and we define the development map associated to any Engel manifold.
Lie groupoids and morphisms
Definition 4.1. A groupoid is a 7-tuple G = (G 0 , G 1 , s, t, i, inv, comp) of the following dates:
• two sets G 0 and G 1 with called objects and arrows respectively.
• four maps s, t :
target, unit, and inverse respectively.
• one operator comp :
1 | s(g) = t(h)} such that the following diagrams are commutative;
(1) the sauce and the target of each units
(3) the sauce and the target of each composites
(5) the sauce and the target of each inverse elements
Suppose that G 0 and G 1 are manifolds, and that s or t is a submersion. Then, G 2 is a manifold. (1) the sauce and the target of each images
Let f, g : G → H be homomorphisms. A natural transformation T : f → g is a smooth map T : G 0 → H 1 such that the following diagrams are commutative:
(1) the sauce and the target of each arrow
= σx is a Lie groupoid. Example 4.5 ( [7] ). Let M be a n-manifold, and let F be a rank k foliation on M . Then, the holonomy groupoid Hol(M, F) is a Lie groupoid with
The family of Lie groupoids, homomorphisms, and natural transformations is a 2-category. Furthermore, we often consider more generalized morphisms among lie groupoids. Definition 4.6 ([3] , [7] , [9] ). A homomorphism f : G → H is a weak equivalence if it saticefies the following condition:
(1) essentially surjective
The following diagram is a pull-back.
H is a triple f = (e f , G f , f ′ ) of a groupoid G f and two homomorphisms e f : G f → G and f ′ : G f → H such that the e f is a weak equivalence.
A generalized weak equivalence f : G H is a generalized map such that f ′ : G f → H is a weak equivalence. Then, we say that G and H are weak equivalent.
Next, we introduce the weak pull-back to define the composition of generalized maps.
Let f : G → K, g : H → K be homomorphisms. Now,
Remark 4.7. The above condition involves the cases that either f 0 or g 0 is a submersion, and that either f or g is an essentially surjective. Because of
Definition 4.8. The above Lie groupoid P is the weak pull-back of f and g. And the following diagram is called weak pull-back diagram.
Remark 4.21. If G is a contactétale Lie groupoid, then there exists an unique contact structure on G 2 such that pr 1 , pr 2 : G 2 → G 1 are contact morphisms. Moreover, by (1), (3), (5) of (4.1), the structure maps i, inv, and comp are contact morphisms. An Engelétale Lie groupoids is similar.
Immediately, we obtain the following proposition.
Propositoin 4.22. Let (E, D) be an Engel manifold, L be the characteristic foliation of (E, D), and S ⊂ E be a global slice of L. Then, Hol S (M, F) is a contactétale Lie groupoid.
Conversely, we can define the Cartan prolongation of a 3-dimensional contactétale Lie groupoid.
. In this identification, P(G) def = (P(G 0 ), P(G 1 ), P(s), P(t), P(i), P(inv), P(comp)) is an Engelétale Lie groupoid. Similarly, we define S(G). The above S(G) is called the oriented Cartan prolongation of G.
Now, each P(G) and S(G) is proper if and only if G is proper, because of the following diagram:
From (3.1), we obtain the following result. At last, we define the development map.
Let (E, D) be an Engel manifold, L be the characteristic foliation of (E, D), and S ⊂ E be a global slice of L. Take the weak pull-back P of E → Hol(E, L) and Hol S (E, L) → Hol(E, L).
Then, e φ : P → E is a local diffeomorphism. Hence, the Engel structure on P is induced by e φ . Moreover, Hol S (E, L) 0 , Hol S (E, L) 1 is the leaf space of P 0 , P 1 , and π 0 , π 1 is the quotient map, respectively. So, when we denote P = (P 0 , P 1 , s, t, i, inv, comp), we obtain Hol S (E, L) = (L(P 0 ), L(P 1 ), L(s), L(t), L(i), L(inv), L(comp)) where L is the functor defined in (1.7) . Now, we define φ ′ : P → P(Hol S (E, L)) as φ ′ 0 , φ ′ 1 is the development map associated to P 0 , P 1 , respectively. Then, φ def = (e φ , P, φ ′ ) is a generalized map φ : E P(Hol S (E, L)).
Propositoin 4.25. The above φ ′ is a strict Engel morphism P → P(Hol S (E, L)).
That is to say, The above φ is a (generalized) Engel morphism (E, D) P(Hol S (E, L)). Moreover, this satisfies the universality: For any 3-dimensional contactétale Lie groupoid G and any Engel morphism ψ : (E, D) P(G), there exists a unique up to isomorphic contact morphismψ : Hol S (E, L) → G such that ψ ∼ = P(ψ) • φ. Remark 4.27. e φ is essentially surjective, and E is a manifold. So, (e φ ) 0 is surjective.
This means that any Engel manifold is locally isomorphic to the Cartan prolongation of a contact manifold. From Darboux's Theorem for contact manifolds (and the lifting S 1 P(R 3 , ξ std ) of the rotary action S 1 (R 3 , ξ std )), we obtain the Engel version of that. (This is well-known.)
